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Abstract 

In this paper, we introduce the multigraded modules of Borel type and extend 
several results from the theory of ideals of Borel type. We prove that modules of Borel 
type are sequentially Cohen Macaulay and pretty clean. Also, we give a formula for 
the regularity of modules of Borel type. 

Keywords: Borel type ideals, Mumford-Castelnuovo regularity. 

2000 Mathematics Subject CIassification:Primary: 13P10, Secondary: 13E10. 

Introduction 

Let K be an infinite field, and let S = K[xi, . . . , n > 2 the polynomial ring over K. 
Bayer and Stillman [IJ note that Borel fixed ideals I G S satisfy the following property: 

(*) (/ : ) = (/ : (xi, . . . , x,r) for aUj = l,..., n. 

Herzog, Popescu and Vladoiu [1] define a monomial ideal I to be of Borel type if it satisfies 
(*). We mention that this concept appears also in [2], Definition 1.3] as the so called weakly 
stable ideal. 

Let / C S" be a monomial ideal and M a multigraded S*- module. We denote Ti{M) = 
Ufc>i(0 -M ^^)- ^his paper, we extend the concept of Borel type ideals in the frame of 
multigraded S'-modules. In order to do that, we note that if J, J C are monomial ideals, 
then Vj{S/I) = (/ : J°°)/I. Therefore, the condition (*) can be rewritten as V(^xj){S/I) = 
^{xi,...,x,)iS/I), for all j = 1, . . . ,n. 

For any S-module M, we denote t{M) = {z E M : (3)u G S with u- z = 0} the torsion 
sub module of M. We say that a finitely generated Z'^-graded ^-module M with t{M) = M 
is of Borel type if r(a,.)(M) = r(a.^^ ,j..)(M) for all j G [n], see Definition 1.1. We prove that 
Borel type modules are sequential Cohen- Macaulay, see Theorem 1.11. Also, we prove that 
Borel type modules are pretty clean, see Theorem 1.14. 

In the second part of the paper, we study the regularity of Borel type modules. We 
give a formula for the regularity of modules of Borel type, similar with the formula given 
by Popescu and Herzog in [Bj for the regularity of ideals of Borel type, see Theorem 2.4. 
Also, in Proposition 2.7, we give a new characterization for modules of Borel type. 
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1 Multigraded modules of Borel type. 



Definition 1.1. Let M be a finitely generated l/^-graded S-module with t{M) = M. We 
say that M is a module of Borel type, z/r(^.)(M) = r(^j^. .j.^)(M), (V)i G [n]. 

Proposition 1.2. Let M be a finitely generated 71^ -graded S-module with t{M) = M. The 
following are equivalent: 

(1) M is of Borel type. 

(2) r(,,)(M) C r(,,)(M) for alll<j <i<n. 

(3) Any prime P G Ass{M) is of the form P = {xi, . . . , Xr) for some r G [n]. 

Proof (1) (2). Since j < i, it follows that r(,^)(M) = r(,,,...,,,)(M) C T^,,_^^){M) = 
r(2,^.)(M), as required. (2) =^ (1). We prove by induction on 1 < i < n that r(^-)(M) = 
^{xi,...,xi){M). For i = 1, the assertion is trivial. Suppose i < n and r(a,.)(M) = T(^xi,...,xi){M). 
Since r(^,^,)(M) C r(^,)(M), it follows that r(^,^^)(M) C r(^^,...,^,)(M). Let z G rJ^,'^j)(M). 
It follows that there exist a nonnegative integer k, such that x^_^_i-z = 0. Since r(2;-^-^)(M) C 
^{xi,...,x,)iM), it follows that there exists a nonnegative integer k' such that (xi, . . . , Xi)'' -z = 
(0). Thus, {xi, . . . ,Xi,Xi-^-i)''~^'' - z = (0) and therefore z G r(2.j_..._a.._|_j)(M). We obtain 
^(xi+i){M) C r(a,j^..._a,.^a.._^^)(M) and thus we complete the proof. 

(2) =^ (3). Let P G Ass{M) be a prime ideal. Since M is finitely generated Z"-graded 
S'-module , it follows that P is a monomial prime ideal, i.e. P is generated by a set of 
variables. Since P ^ (0), there exists a, Xi E P for some i G [n]. We claim that Xj G P for 
all j < i. Assume P = (0 -.g z), for some z G M. It follows that XiZ = 0. Let j < i. Since 
T(^xi){M) C r(a.^.)(M), it follows that x'jZ = for some k ^ and therefore G P. Thus 

G P, as required. 

(3) =^ (1). Let 7^ ^ G r(^.^)(M). It follows that x^z = for some A; > 0. Let 
/ = (0 15 2;) and P D I, P e Ass{M). Since G P, it follows that {xi,...,Xi) C P. 

Therefore, (xi, . . .,Xi)°^z = and thus r(,^)(M) C r(,,,...,,^)(M). □ 

Corollary 1.3. Let M be a finitely generated Z"' -graded S-module with t{M) — M. Let 
N C M be a submodule. Then: 

(1) If M is of Borel type then N is of Borel type. 

(2) If N and M/N are of Borel type then M is of Borel type. 

Proof. We use Proposition 1.2(3) and the well known inclusions Ass{N) C Ass{M) C 
Ass{N)VJAss{M/N). □ 

Corollary 1.4. (1) If I <Z S is a monomial ideal then S/I is of Borel type, if and only if 

I is an ideal of Borel type. 

(2) If J G I G S are two monomial ideals, and J is of Borel type, then I/J is of Borel 
type. Conversely, if I / J is of Borel type, then J is of Borel type if and only if I is of Borel 
type. 

Proof (1) We have T^,^){S/I) = (/ : and V^^,_,,){S/I) = (/ : (xi, . . . for 

any i G [n]. Therefore, V^^^^{S/I) = r(^,,...,^,)(5/7) if and only if (7 : xf) = 
(7 : (xi, . . . , Xi)°°). (2) We consider the short exact sequence I/J S/J S/I 
and we apply Corollary 1.3, (1) and (2). □ 
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Lemma 1.5. Let M be a finitely generated Tl^-graded S-module of Borel type. Then, for 
any integers j,p with 1 < j < n and < p < n ~ j , we have 

r(.^)(M) = r(.^....^.^^)(M). 

Proof. We use induction on p. If p = 0, there is nothing to prove. Assume p > 0, j < n 
and r(a;.)(M) = T(_^^...^^^^_-^){M). Let z e r(^^...^^.^p)(M) be a homogeneous element. If 
follows that there exists a positive integer k such that {xj ■ ■ ■ a^j+p)^ ■ z = 0. We have 
{xj ■ --Xj+pYz = x'-^p{xj ■ ■ ■ Xj+p-ifz = and therefore {xj ■ --Xj+p-iYz e T(^^^^^){M) C 
r(2.^)(M). Thus, there exists a positive integer k' such that a;^ {xj ■ ■ -Xj+p^iYz = 0. More- 
over, {xj---Xj+p^i)''+'''z = 0, and thus z G T^^^...^^_^^_^){M). Since T^^^...^^^^_^){M) C 
r(.,....,+,)(M), we get r(,^...,^^^_,)(M) = r(,^....,^^^)(M). □ 

Proposition 1.6. Let M be a finitely generated TP'-graded S-module of Borel type. 

(1) Let u & S be a monomial. Denote w{u) = min{i : Xi\u }. Then r(„)(M) = 

r(x„,„))(M). 

(2) t{M) = r(.,)(M) = r(.,....„)(M) = M. 

Proof. (1) It is well known that r(„)(M) = r(-^)(M), where ^/u = Y[x \u^i- previous 
lemma, we have r(„)(M) = T^^){M) C r(,^(„,...,„)(M) = T^,^^^.^){M) C r(„)(M) and thus 
r(„)(M) = r(^^(^j)(M) as required. 

(2) Let 2; G M be a homogeneous element. It follows that there exists a monomial 
u E S such that uz = 0. Therefore, by (1), we get z G r(„)(M) = T(^x^^^^){M), where 
w{u) = min{z : Xi\u }. Since M is of Borel type, it follows that z G r(^.^)(M). This 
complete the proof. □ 

Let M be a finitely generated Z"-graded S'-module of Borel type. We consider the 
sequence 

c r(,.„)(M) c r(.„_,)(M) c • ■ ■ c r(.,)(M) = m. (i) 

Note that, in this sequence, we may have some equalities. We denote Mq := 0. Suppose 
M£_i is defined for some integer i > 0. Let ne := max{j|r(a.^.)(M/M^_i) 7^ 0}. Let Mi := 
r(^^^)(M). We claim that ne < Indeed, if j > n^-i, then r(^.^)(r^„^_^ (M^.i)) = 

r(2.^)(M£_i). Therefore, r(j.^.)(M/r(^^^ j)(^)) = 0. We obtained a sequence of multigraded 
modules, 

= Mo C Ml C ■ ■ ■ C Mr = M, (2) 

which remove the equalities from (1), and we called the sequential chain of modules of M. 

Note that, if M = S/I, the sequential chain of M is given by = Ii, where = Jq C 
Ii G ■■■ G Ir = S is the sequential chain of J, as been defined in |4]. 

Definition 1.7. Let M be a finitely generated graded S-module. The module M is sequen- 
tially Cohen- Macaulay, if there exists a finite filtration = Mq C Mi • ■ ■ C = M of 
M by graded submodules of M such that each quotient Mi/Mi_i is Cohen Macaulay and 
dim{Mi/Mo) < dim{M2/Mi) < ■ ■ ■ < dim{Mr / Mr-i) . We call if the CM-filtration ofM. 
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Let M be a graded S'-module with dim{M) = d. We denote Di{M) the largest sub- 
module of M with dim{Di{M)) < i, where i e [d]. The filtration C Do{M) C Di{M) C 
■ ■ ■ C Dd{M) = M is called the dimension filtration of M. We recall the following results 
of Schenzel, see [8j. 

Proposition 1.8. (Schenzel) (1) M is sequentially Cohen Macaulay, if and only if the 
dimension filtration of M is a CM -filtration. 

(2) Let (0) = fljli ^ primary decomposition of (0), where Qj is Pj -primary. 

Then: 

D,{M) = fl Q,. 

dim{S/Pj)>i 

Proposition 1.9. Let M be a finitely generated U^-graded S-module of Borel type. We 
consider the sequential chain of M. Then Dn-i{M) = r(^.)(M). 

Proof. Assume Ass{M) = {Pi, . . . , Pj.}, where Pi C P2 C ■ ■ ■ C Pr- Since M is of Borel 
type, it follows that Pj = (xi, . . . , Xj ), where 1 < ii < 12 < ■ ■ ■ < ir = n. We use 
induction on r > 1. If r = 1, then M is Pi = (xi, . . . , XjJ-coprimary and therefore, 
r(^^^)(M) = Tp^{M) = M. Also, r(^^)(M) = for j > ii, since Xj is regular on M, and 
T(^Xj)(yM) = M for j < ii, since T(^xj){M) C r(a;^j(M). Since dim{M) = n — ii, by previous 
Proposition, we are done. 

Assume r > 1. We consider Mi = T^^^^^-^^^M). We claim that Pi ^ Ass{Mi). In- 
deed, (Pi,Xj^+i)'^ C Ann{Mi) for some k ^ 1. But any P G Ass{Mi) contains Ann{M), 
and thus (xi, . . . , Xj^, Xj^+i) C P. It follows that Ass{Mi) C {P2,...,Pr}. Using the 
induction hypothesis, it follows that D„_j(Mi) = r(a;^)(Mi) for all i > ii. Therefore, 
Dn.i{Dr,.i,.i{M)) = D^^iiM) = r(,^)(r(,^j(M)) = r(,^)(M), as required. □ 

Proposition 1.10. Let M be a finitely generated ^"'-graded S-module with r(2.^)(M) = M 
and consider the sequential chain (2) of M . The following are equivalent: 

(1) M is of Borel type. 

(2) Xni+i, . . . ,Xn is a regular sequence on Qi = Mi/Mi_i. 

(3) %„^^,,...,.JQe) =OforalH<n- n,. 

Proof. For (1) ^ (2), note that Qi := Qi/ ((x„^+i, . . . , Xn)Qi) has a structure of an Artinian 
multigraded S^ = K[xi, x^]-module. Indeed, T(^^^^_^^^)Se{Qi) = Qi, since T(^^^^_^^^){Qi) = 
^ixe){Qe) = ^(xe){Mi)/T(^^^){Mi_i) = Mi/Mi_i = Qg. Since dim{Qi) = n - ni, it follows 
that x„^+i, . . . , x„ is a system of parameters and, thus a regular sequence on Qi. 

(2) (3) is a well known result of local cohomology. □ 

Theorem 1.11. Let M be a finitely generated W/^-graded S-module of Borel type. Then M 
is sequentially Cohen- Macaulay. 

Proof. We consider the sequential chain of M. Then, according to the previous Proposition, 
the sequential chain of M is the CM-filtration of M and dim{Mi-i/ Mi) = n — ue. □ 
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Let M be a finitely generated graded S'-module. A prime filtration of M is a filtration 

7 : = MoC MiC ■■■ C Mr = M 

such that Mi/Mi_i = S/ Pi for some Pi C S prime. We denote supp{J-') = {Pi, . . . , Pr}. It 
is well known, see [3 Theoreom 6.5], that Ass{M) C Supp{J^) C Supp{M). Dress [3] calls 
a prime filtration J-" of M clean, if supp{J^) = Min{M). The module M is called clean, if 
M admits a clean filtration. 

We recall the following definition, which generalize cleanness, introduced by Herzog and 
Popescu in 

Definition 1.12. We say that M is pretty clean, if there exists a prime filtration, = 
Mq C Ml C ■ ■ ■ C Mr = M of M, whit Mi/Mi_i = S/Pi for some prime ideal Pi C S, 
such that if i < j and Pi C Pj, then Pi = Pj. 

We denote supp{J^) = {Pi,...,Pr}. It is well known, see [3 Corollary 3.6], that 
Ass{M) = Supp{T) if M is pretty clean. 

Lemma 1.13. Let M he a finitely generated ^"'-graded S-module . Suppose x„ is regular 
on M . Then M is clean if and only if M/xnM is a clean S' = K[xi, . . . , Xn-i\-nnodule. 

Proof. Assume M is clean and take = Mq C Mi C ■ ■ ■ C M.^. = M a clean prime filtration 
of M. Then, = Mo/x„Mo C Mi/x„Mi C ■ ■ ■ C Mr/x^M,. = M/x^M is a clean prime 
filtration of M/xnM, as an S"-module. Indeed, if Mi/Mi^i = S/P, where P G Min{M), 
then {Mi/xnMi)/\Mi_i/xnMi_i) = S'/P', where P' = P f] S e Min{M'). 

For the converse, assume M/xnM is clean and take = Mo/x„M C Mi/xnM C 
••■ C Mr/xnM = M/xnM a clean prime filtration of M/xnM as an S"-module. This 
filtration is also a prime filtration of M/xnM as a S'-module. In this regard, we have 
{Mi/xnMi)/{Mi_i/xnMi_i) ^ Mi/Mi^i ^ S/P, where P e Min{M), since P' = P f] S' e 
Min{M'). Therefore, = Mq C Mi C ■ ■ • C = M is a clean prime filtration of M. □ 

Theorem 1.14. Let M be a finitely generated '^"'-graded S-module of Borel type. Then M 
is pretty clean. 

Proof. Let Ass{M) = {Pi,...,Pr} and suppose Pi D P2 D ■ ■ ■ D Pr- The submodule 
(0) C M can be written as (0) = Cfi^iQi, where Qi is Pj-primary. Set Ui = f]jyiQj- 
According to 1.6(2), Dd^M) = Ui, where di = dim{S/Pi). 

According to [5, Corollary 4.3(c)] it is enough to prove that Ui/Qi fl Ui is clean for 
all i. We have ^ Ass{Ui/Qi n Ui) = Ass{{U, + Qi)/Qi) C Ass{M/Qi) = {Pi}. Let 
Jj = {xj\ Xj G Pj} and S'^ = K[Jj]. Then P/ := Pj fl Si is the graded maximal ideal of 5*^'. 
Assume Pi = {xi, . . . ,Xr) and let Q'i = Qi/{xr+i, . . .,Xn)Qi and U^ = Ui/ {xr+i, . . .,Xn)Ui. 
The S'j- module U^/Q'i fl U'i is clean, since it is of finite length. We claim that Ui/Ui fl Qi 
is also clean. Indeed, gular sequence on Qk for all k > i and therefore, 

Xr+i, . . . , x„ is a regular sequence of Now, since 

{U/u, n Qi) /{{xr+i, xn){u,/u, n Q,)) ^ u'ju[ n Q'„ 

it follows by Lemma 1.8 that Ui/Ui fl Qi is also clean. □ 
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2 Regularity of Borel type modules. 

Definition 2.1. Let M be a graded S -module. The Castelnuovo-Mumford regularity reg{M) 
of M is 

max{j-i: A,-(M) ^ 0}. 

Let {ai{M) = sup{j : Hi^{M)j ^ 0}. It is well known, that reg{M) = max{ai{M)+i : 
i > 0}. Assume M is sequentially Cohen-Macaulay with the CM- filtration = Mq C 
Ml • • • C Mj. — M. We set di — dim{Mi/Mi_i). We have the following obvious equations: 

Lemma 2.2. (a) dim{M) = dr and depth{M) = di; 

(b) ad^{M) = ad.(Mi/Mi_i) for i e [r] and aj{M) = -oo for j ^ {di,...,dr}. In 
particular, if follows that 

reg{M) = max{re^(Mi/Mi_i) : i e [r]} = max{ad.(Mi/Mi_i) + : ie [r]}. 

Let denote the canonical module of S. Sequentially CM-modules over S can be 
characterized homologically as follows. 

Theorem 2.3. The following conditions are equivalent: 
(a) M is sequentially CM. 

(h) for all < i < dim{M), the module Ext'^~'^{M,uJs) is either or Cohen-Macaulay 

of dimension i. 

If the equivalent conditions hold and = Mq C Mi • • • C M^ — M is the C M -filtrations 
of M with di — dim{Mi/Mi^i), then 

Ext'^r''^{M,oos) = Extl-''^{M,/Mi_,,ujs) for z G [r] 

and Extg{M, us) = for j ^ {n — di, . . . ,n — dr}. 

If N is an Artinian 5"- module, we denote s{N) — max{j : Nj ^ 0}. 

Theorem 2.4. Let M be a finitely generated 1/^ -graded S-module of Borel type. Using the 
notations of Proposition 1.10, we have: 

reg(M) = max{s((5i), . . . , s{Qr)}. 

Proof. By Thereom 2.3, we have Exfg{M, S{—n)) — for j ^ {no, . . . , n^-i}. 

Exf's'iM, S{-n)) ^ Exts^{Mi/Mi_i, S{-n)), for i e [r]. 

Since Xn^-^-i, . . . , a;„ is a regular sequence on Qi = Mi/Mi^i, it follows that 

s(Ea:t^;(g„ S,{-n,))) = siExt'^s'iQ,, S{-n))) + n - n,, 

where Qi = Qi/ {xn-^i, . . . , Xn)Qi. On the other hand, using local duality, we have ai{M) — 
sup{j : Extl-\M]s)-n-j + 0}. Therefore, 

an_„,(M) = an_n,(Mj/Mj_i) = -n + Ui 

and thus reg{M) — max{a„_„.(M) + n — : i e [r]} = max{s((5i), . . . , s((5r)}, as 
required. □ 
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Definition 2.5. Let M be a finitely generated T/^-graded S-module with t{M) — M. We 
say that M is strongly stable, if (0 :m ^i) C (0 :m Xj) for any 1 < j < i < n. 

Remark 2.6. If I C S is a monomial ideal and M — S/I, then M is strongly stable if 

and only if I is strongly stable. 

Let M be a finitely generated Z"-graded S'-module . Note that M has an induced struc- 
ture of Z-graded S'-module, given by M = 0jez (0|a|=j, oeZ" ^a) ' where 
|a| = ai + ■ ■ ■ + a„. 

If e is an integer, we denote M>e the submodule of M generated by the set 
{z E M homogeneous : deg{z) > e}. 

Proposition 2.7. Let M be a finitely generated H^-graded S-module . If M>(. is strongly 
stable for some e ^ then M is of Borel type. 

Proof. Let 1 < j < i <n and let 2; e (0 :m be a homogeneous element. It follows that 
x^z — for some A; » 0. We may assume deg{z) + k — 1 > e. Note that x^~^z e (0 :M>e ^i)- 
It follows that x'^~^z e (0 :m>^ xj), since M>e is strongly stable. Therefore XjX^'^z — and 
thus XjX^~^z G (0 :m>^ Xn)- Using the same procedure, finally, we get x^~^z e (0 :M>e Xj) 
and therefore x^z — 0, thus 2; e (0 :m x'^). By Proposition 1.2(2) we are done. □ 
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